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� A normative model for evidence accumulation across correlated 2AFC trials.
� Initial beliefs of ideal observers depend on prior responses and sequence correlation.
� Reward rate is maximized by deliberating longer on early trials.
� Model accounts for experimentally observed repetition biases in 2AFC tasks.
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a b s t r a c t

To make decisions organisms often accumulate information across multiple timescales. However, most
experimental and modeling studies of decision-making focus on sequences of independent trials. On the
other hand, natural environments are characterized by long temporal correlations, and evidence used to
make a present choice is often relevant to future decisions. To understand decision-making under these
conditions we analyze how a model ideal observer accumulates evidence to freely make choices across a
sequence of correlated trials. We use principles of probabilistic inference to show that an ideal observer
incorporates information obtained on one trial as an initial bias on the next. This bias decreases the time,
but not the accuracy of the next decision. Furthermore, in finite sequences of trials the rate of reward is
maximized when the observer deliberates longer for early decisions, but responds more quickly towards
the end of the sequence. Our model also explains experimentally observed patterns in decision times
and choices, thus providing a mathematically principled foundation for evidence-accumulation models
of sequential decisions.

’ 2018 Elsevier Inc. All rights reserved.

1. Introduction

Organismal behavior is often driven by decisions that are the
result of evidence accumulated to determine the best among avail-
able options (Brody & Hanks, 2016; Gold & Shadlen, 2007). For in-
stance, honeybee swarms use a democratic process in which each
bee’s opinion is communicated to the group to decidewhich nectar
source to forage (Seeley, Camazine, & Sneyd, 1991). Competitive
animals evaluate their opponents’ attributes to decide whether
to fight or flee (Stevenson & Rillich, 2012), and humans decide
which stocks to buy or sell, based on individual research and social

* Corresponding author at: Department of Applied Mathematics, University of
Colorado, Boulder, CO 80309, USA.

E-mail addresses: kpnguyen@math.uh.edu (K.P. Nguyen), josic@math.uh.edu
(K. Josi¢), zpkilpat@colorado.edu (Z.P. Kilpatrick).
1 Equal authorship.

information (Moat et al., 2013). Importantly, the observations of
these agents are frequently uncertain (Brunton, Botvinick, and
Brody 2013; Hsu, Bhatt, Adolphs, Tranel, and
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& Newsome, 2001). The response trends and underlying neural
activity are well described by the drift�diffusion model (DDM),
which associates a subject’s belief with a particle drifting and
diffusing between two boundaries, with decisions determined by
the first boundary the particle crosses (Bogacz et al., 2006; Ratcliff
& McKoon, 2008; Stone, 1960).
The DDM is popular because (a) it can be derived as the contin-

uum limit of the statistically-optimal sequential probability ratio
test (Bogacz et al., 2006; Wald & Wolfowitz, 1948); (b) it is an
analytically tractable Wiener diffusion process whose summary
statistics can be computed explicitly (Bogacz et al., 2006; Ratcliff
& Smith, 2004); and (c) it can be fit remarkably well to behavioral
responses and neural activity in 2AFC tasks with independent tri-
als (Gold & Shadlen, 2002, 2007) (also see Latimer, Yates, Meister,
Huk, and Pillow (2015)).
However, the classical DDM does not describe many aspects of

decision-making in natural environments. For instance, the DDM
is typically used to model a series of independent trials where
evidence accumulated during one trial is not informative about the
correct choice on other trials (
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Fig. 1. Sequence of 2AFC trials with states Hn determined by a two-state Markov process with switching probability ϵ VD P(Hn
6D Hn�1). For instance, H1V4 D

(HC, HC, H�, HC) could stand for the drift direction of each drift�diffusion process yn(t) corresponding to the decision variable of an ideal observer making noisy
measurements, ξ n(t). The decision threshold (
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an observer free to choose their response time can trade speed for
accuracy inmaking a decision. This is typicallymodeled in theDDM
by defining a decision threshold, θ1, and assuming that at the first
time, T1, at which jy1(T1)j � θ1, the evidence accumulation process
terminates, and the observer chooses H� if sign(y1(T1)) D �1.
The probability, c1, of making a correct choice in the free re-

sponse paradigm can be obtained by analyzing the Kolmogorov
backward equation (KBE) corresponding to Eq. (1) (Gardiner,
2009), as demonstrated in Appendix B. Given the initial condition
y1(0) D y10 D D lnTP(H1 D HC)/P(H1 D H�)U, threshold θ1, and
state H1 D HC, the probability of an exit through either boundary
�θ1 is

πθ1 (y
1
0) D

1� e�(y10Cθ1)/D

1� e�2θ1/D ,

π�� 1 (y1
0) D 1�(y1

0Cθ1)/D� e D000)]TJ/F140 6.5554 Tf 3.36590 Td [(�)]TJ/F20 4.9734 Tf 2.884 -1.405 Td [(1)]TJ/F240 6.5554 Tf 3.378 1.4054Td [(=)]TJ/F56 5.8022 Tf 3.081 0 Td [(D)]TJ
ET
q
1 0 0 1 89.0823 56.979 Tm
[]0 d 0 J 0.44 w 0 0 m 57.30270 l S
Q
BT
/F20 8.2889 Tf 910.423 -5549279Td [(1)]TJ/F137 9.3649 Tf 6.88 0 Td [(�)]TJ/F20 8.2889 Tf 9.386 0 Td [(e)]TJ/F137 6.5554 Tf 4.36 2.7076Td [(�)]TJ/F20 5.8022 Tf 5.113 0 Td [(2)]TJ/F140 6.5554 Tf 3.36 0 Td [(�)]TJ/F20 4.9734 Tf 2.884 -1.405 Td [(1)]TJ/F240 6.5554 Tf 3.378 1.4054Td [(=)]TJ/F56 5.8022 Tf 3.081 0 Td [(D)]TJ
F140 9.3649 Tf 122.93.9423Td [(;)]TJ/F20 8.2889 Tf 511.101617.219 Td [(()2051
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As the decision, d1 D �1, determines the probability of each
state at the end of trial 1, individual observations, ξ 11Vs, are not
needed to define the belief of the ideal observer at the outset of
trial 2. The ideal observer uses a sequence of observations, ξ 21Vs, and
their decision on the previous trial, d1, to arrive at the probability
ratio

R2s D
P(H2 D HCjξ 21Vs, d1)
P(H2 D H�jξ 21Vs, d1)

D
P(ξ 21VsjH

2
D HC)P(H2 D HCjd1)

P(ξ 21VsjH2 D H�)P(H2 D H�jd1)
.

Taking the logarithm, and applying conditional independence of
the measurements ξ 21Vs, we have that

L2s D ln R2s D

s∑
jD1

ln
fC(ξ 2j )

f�(ξ 2j )
C ln

P(H2 D HCjd1)
P(H2 D H�jd1)

,

indicating that L20 D ln
[
P(H2 D HCjd1)/P(H2 D H�jd1)

]
. Taking

the temporal continuum limit as in Appendix A, we find

dy2 D g2dt C
p
2DdW , (11)

with theWiener process,W , and variance defined as in Eq. (1). The
drift g2 2 �1 is determined by H2 D H�.
Furthermore, the initial belief is biased in the direction of the

previous decision, as the observer knows that states are correlated
across trials. The initial condition for Eq. (11) is therefore

y2(0I d1 D �1) D D ln
P(H2 D HCjd1 D �1)
P(H2 D H�jd1 D �1)

D �D ln
(1� ϵ)eθ1/D

C ϵ

ϵeθ1/D C (1� ϵ)
D �y20, (12)

where we have used Eqs. (4), (9), and (10). Note that y20 ! 0 in the
limit ϵ ! 0.5, so no information is carried forwardwhen states are
uncorrelated across trials. In the limit ϵ ! 0, we find y20 ! θ1, so
the ending value of the decision variable y1(T1) D �θ1 in trial 1 is
carried forward to trial 2, since there is no change in environmental
state from trial 1 to 2. For ϵ 2 (0, 1/2), the information gathered
on the previous trial provides partial information about the next
state, and we have y20 2 (0, θ1).
We assume that the decision variable, y2(t), evolves according

to Eq. (11), until it reaches a threshold �θ2, at which point the�1
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Fig. 2. The reward rate (RR) depends on the state change rate ϵ VD P(H2 6D H1) for a constant threshold θ VD θ1V2 . Here and below stochastic simulations (dots) are compared
to theoretical predictions (solid lines). A. The probability of a correct response in trials 1 and 2 (c1V2) only depends on the threshold θ , and increases with θ . B. Decision time
DT2 in trial 2 increaseswith the threshold θ andwith the change rate, ϵ. Threshold crossings happen sooner on average for lower ϵ, since trial 2 is initiated closer to threshold.
C. The reward rate (RR) as defined by Eq. (13) is unimodal. D. Colormap plot of RR as a function of θ and ϵ. Themaximal RR increases and occurs at higher thresholds, θ,when
state changes are less likely (lower ϵ): As ϵ decreases, the observer can afford to integrate evidence for a longer period of time in trial 1, since trial 2 will be much shorter (as
shown in B). Here and in subsequent figures we used delay time TD D 2 and noise amplitude D D 1.

threshold, and noise variance,D, as long as θ2 > y20. However,when
θ2 < y20, the response in trial 2 is instantaneous (DT2 D 0) and
c2 D (1 � ϵ)c1 C ϵ(1 � c1). Therefore, the probability of a correct
response on trial 2 is defined piecewise

c2 D

⎧⎪⎨⎪⎩
1

1C e�θ2/D V θ2 > y20,

(1� ϵ)C ϵe�θ1/D

1C e�θ1/D V θ2 � y20.
(15)
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Fig. 3. A,B. Reward rate (RR), given by Eq. (17), depends on the change rate ϵ and thresholds θ1V2 . For ϵ D 0.25 (panel A), the pair θmax1V2 that maximizes RR (dot) satisfies
θmax1 > θmax2 . Compare to the pair θmax1V2 (circle) for θ D θ1V2 as in Fig. 2D. The boundary θ2 D y20(θ1
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Fig. 4. Reward rate (RR1Vn) defined by Eq. (21) increases with n, and as ϵ is decreased, as shown for ϵ D 0.25 (panel A); ϵ D 0.1 (panel B); and ϵ D 0 (panel C). The optimal
decision threshold, θmax, increases with n. The limiting reward rates RR1Vn(θI ϵ)! RR1(θI ϵ) as n ! 1 defined by Eq. (22) are given by the topmost light curves.

a correct decision, cj, is given by themore general, iterative version
of Eq. (18). Therefore, while analytical results can be obtained for
constant thresholds, numerical methods are needed to find the
sequence of optimal dynamic thresholds.
The expression for the mean decision time, DTj, on trial j is

determined by marginalizing over whether or not the initial state
yj
0 aligns with the true state H j, yielding

DTj D

⎧⎨⎩θj
1� e�θj/D

1C e�θj/D � (1� 2ϵ)(2cj�1 � 1)yj
0 V θj > yj

0,

0 V θj � yj
0.

Thus, Eq. (18), the probabilit0
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Fig. 5. Optimal sets of thresholds, θmax1Vn , for n trials with correlated states. Top row: A. For n D 3, the set of optimal thresholds θmax1V3 obeys the ordering θmax1 � θmax2 � θmax3

for all values of ϵ, converging as ϵ ! 0.5� and as ϵ !
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Fig. 7. Repetition bias trends in the adaptive DDM. A. The psychometric functions in trial j conditioned on dj�1 shows that when dj�1 D C1, the fraction of dj D C1 responses
increases (top curve). When dj�1 D �1, the fraction of dj D C1 responses decreases (bottom curve). The weighted average of these two curves gives the unconditioned
psychometric function (middle curve). Coherence g/D is defined for drift g 2 �1, noise diffusion coefficient D, and assumed change rate ϵassumed D 0.25. Inset: When
ϵtrue D 0.5 is the true change rate, the psychometric function is shallower (gray curve). B. Correct probability cXY



42 K.P. Nguyen, K. Josi¢ and Z.P. Kilpatrick / Journal of Mathematical Psychology 88 (2019) 32�47

(marginal), and second (sequential) order effects (Jones et al.,
2013; Kim et al., 2017), and predicts that decision times should
decrease for repeated trials and increase for alternating trialswhen
an observer assumes a correlated environment. However, these
studies did not formalize the link between the decision threshold
and subsequent initial condition, or study the problem of opti-
mizing the reward rate. In addition, modeling studies have used
generalized versions of the DDM, to account for trends observed
in experimental data (Fründ et al., 2014; Goldfarb et al., 2012), but
have not examined how to optimize a cost function, like the re-
ward rate. Here we have linked the normative model of evidence-
accumulation in correlated environments to a decision strategy
that optimally trades off speed and accuracy by maximizing an
overall reward rate.
The fact that repetitions decrease response time has long been

known (Falmagne, Cohen, & Dwivedi, 1975; Remington, 1969).
Whether this effect is driven by sensory after-effects of the stimuli,
or the evidence and resulting responses is still debated (Pashler &
Baylis, 1991). However, there is experimental evidence that past
outcomes bias the initial belief on a subsequent trial in human
observers (Fründ et al., 2014; Jones & Sieck, 2003). In contrast to
our model, experimental studies also show that responses depend
on more than just one preceding trial (reviewed in Luce (1986),
Chapter 6.6). Such trends could be due to continuous adaptation of
the evidence-discounting process to the statistics of the environ-
ment (Jones et al., 2013; Yu & Cohen, 2008). The experimentally
observed increases in response time, and reductions in erroneous
responses following a correct response (Laming, 1979), are consis-
tent with a dynamical threshold model. Normative models of the
type we suggest also cannot explain negative recency effects, i.e
the observed tendency to alternate choices (Jarvik, 1951).
To account for information obtained on one trial observers

could adjust accumulation speed (Diederich & Busemeyer, 2006;
Ratcliff, 1985; Urai, de Gee, & Donner, 2018), threshold (Bogacz
et al., 2006; Diederich & Busemeyer, 2006; Goldfarb et al., 2012),
or their initial belief on the subsequent trial (Bogacz et al., 2006;
Braun et al., 2018). We have shown that an ideal observer adjusts
their initial belief and decision threshold, but not the accumulation
speed in a sequence of dependent, statistically-identical trials.
Adjusting the initial belief increases reward rate by decreasing re-
sponse time, but not the probability of a correct response. Changes
in initial bias have a larger effect than adjustments in threshold,
and there is evidence that human subjects do adjust their initial be-
liefs across trials (Braun et al., 2018; Fründ et al., 2014; Olianezhad
et al., 2016). On the other hand, the effect of a dynamic threshold
across trials diminishes as the number of trials increases: RRmax1Vn
is nearly the same for constant thresholds θ as for when allowing
dynamic thresholds θ1Vn. Given the cognitive cost of trial-to-trial
threshold adjustments, it is thus unclear whether human subjects
would implement such a strategy (Balci et al., 2011).
We do note, however, that the fact that the optimal variable-

threshold model predicts a decrease in decision times may lend
some perspective to the finding that subjects tend to increase
the speed of decisions as an experiment goes on Elliott, Hansen,
Mendoza, and Tremblay (2004) and Rabbitt and Vyas (1970). Past
studies have suggested that subjects successively decrease their
decision threshold until they make an error, and then increase
the threshold on the next trial. This theory relies on the presence
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rate can then lead to bounds that collapse or increase depending on
the assumed prior distribution over the evidence reliability (Dru-
gowitsch,Moreno-Bote, Churchland, Shadlen, & Pouget, 2012). One
possible extension of our model would be to consider cases in
which evidence quality can switch from one trial to the next,
potentially causing the noise amplitude and threshold to adapt
continuously within a trial in response to new evidence.
Modeling approaches can also point to the neural computations

that underlie the decision-making process. Cortical representa-
tions of previous trials have been identified (Akrami, Kopec, Dia-
mond, & Brody, 2018; Nogueira et al., 2017), but it is unclear how
the brain learns and combines latent properties of the environment
(the change rate ϵ), with sensory information to make inferences.
Recent work on repetition bias inworkingmemory suggests short-
term plasticity serves to encode priors in neural circuits, which
bias neural activity patterns duringmemory retention periods (Kil-
patrick, 2018; Papadimitriou, Ferdoash, & Snyder, 2015). Such
synaptic mechanisms may also encode previously accumulated
information in sequential decision-making tasks, even in cases
where state sequences are not correlated. Indeed, evolution may
imprint characteristics of natural environments onto neural cir-
cuits, shaping whether and how ϵ is learned in experiments and
influencing trends in human response statistics (Fawcett et al.,
2014; Glaze, Filipowicz, Kable, Balasubramanian, & Gold, 2018).
Ecologically-adapted decision rules may be difficult to train away,
especially if they do not adversely impact performance (Todd &
Gigerenzer, 2007).
There is evidence in humans that outcomes on previous trials

bias future decisions. This is the case even when stimuli provide
no information about either choice on a trial, so there is technically
no correct decision (Bode



44 K.P. Nguyen, K. Josi¢ and Z.P. Kilpatrick / Journal of Mathematical Psychology 88 (2019) 32�47

p(y0, tjy, 0) denote the conditional density of state y0 at time t,with
corresponding Kolmogorov equation,

∂t p(y0, tjy, 0) D ∂yp(y0, tjy, 0)C D � ∂2y p(y0, tjy, 0), (B.1)

given initial condition p(y0, 0jy, 0) D δ(y � y0) and boundary
condition p(�θ, tjy, 0) D 0. The absorbing boundaries at y D �θ

also endow Eq. (B.1) with the condition p(y0, tj � θ, 0) D 0 for
y0

2 (�θ, θ ). The survival probability, that y 2 (�θ, θ ) at time t is
defined:

G(y, t) VD

∫ θ

�θ

p(y0, tjy, 0)dy0
D P(T � t),

where T is a random variable, corresponding to the time the state
y leaves the domain y 2 (�θ, θ ). Integrating Eq. (B.1), we obtain

∂t G(x, t) D ∂xG(x, t)C D � ∂2x G(x, t), (B.2)

Boundary conditions for Eq. (B.1) imply G(�θ, t) D 0.
The mean first passage time, T (yI θ ), for the state to depart

the domain (�θ, θ ) given initial condition y is then given by
marginalizing t against the flux ∂t G(y, t) of survival probability out
of (�θ, θ ):

T (yI θ ) D �

∫
1

0
t∂t G(y, t)dt D

∫
1

0
G(y, t)dt.

Noting
∫

1

0 G(y, t)dt D limt!1G(y, t) � G(y, 0) D �1 and
integrating Eq. (B.2), we find

∂yT (yI θ )C D � ∂2y T (yI θ ) D �1

with boundary conditions T (�θ ) D 0, which can be solved explic-
itly:

T (yI θ ) D θ

[
eθ/D

C e�θ/D
� 2e�y/D

eθ/D � e�θ/D

]
� y.

B.2. Probability of exit through each boundary

To derive the probability of exit from either boundary y D �θ ,
when the decision variable begins at y, we integrate the probabil-
ity current through the boundary of interest, �J(�θ, tjy, 0). For
instance, the probability that the decision variable exits y D Cθ

after time t is

gθ (y, t) D

∫
1

t
J(θ, t 0

jy, 0)dt 0

D

∫
1

t

[
p(θ, t 0

jy, 0)� D∂yp(θ, t 0
jy, 0)

]
dt 0.

Using the fact that p(θ, tjy, 0) satisfies Eq. (B.1),we find that gθ (y, t)
satisfies

∂ygθ (y, t)C D∂2x gθ (y, t) D

∫
1

t
∂t 0 J(θ, t 0

jy, 0)dt 0

D �J(θ, tjy, 0) D ∂t gθ (y, t).

Taking t ! 0 and defining πθ (y) VD gθ (y, 0) , we see that
J(θ, 0jy, 0) vanishes if θ 6D y, since p(θ, 0jy, 0) D δ(y � θ ), so the
right hand side goes to zero and

∂yπθ (y)C D∂2y πθ (y) D 0,

where πθ (θ ) D 1,d [(),)-287(so)-286d39
/F140 9.3649 Tf 0 -16.989 Td [(@)]TJ/F56 5.8022 Tf 4.289 -1.404 Td [(y)]TJ/F56 8.2889 Tf 3.539 1.404(89 Td [(@)]TJ/F56 5.8022 Tf 4.285022)]TJ/F20 8.288-0.7A00 Td [()-g5y)]TJ/F20 8.2889 Tf 4.343 0 Td [(,)-287(since)]TJ/F56 8.2889 Tf 26.228 0 Td [(p)]TJ/F20 8.2889 Tf 4.609 0 Td .5 8.1 16.252 T7h405 36814 Td [(e)]TJ/F140 6.5554 7 9.3649 Tf 10.459 0 Td [(D)]TJ]TJd9(θ, t 0 (13.721J/F137 9.3649 Tf 4.140 9bove2(time)]TJ/F56s3649 Tf 067 f 5. Tf 22.783 0 Td [(1)-518(and)]TJ
0 0 0 rg 0 0 0 RG
0 0 0 rg 0 0 0 RG
 -227.717 889 1d [(@)]TJ/F56 5.8022 Tf 4.285022)-g5y, since p
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Using Eqs.
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